ABSTRACT. G. Rond has proved a Diophantine type inequality for the field of quotients of the convergent or formal power series ring in multivariables. We generalize his theorem to the field of the quotients of an excellent Henselian local domain whose reduced order function is expressed as the minimum of a finite set of good valuations in Rees's sense. 
Introduction
An important topic of Diophantine approximation is the problem of approximation of a real algebraic number by rational ones. The crucial result is Roth's theorem:
If z ∈ R \ Q is an algebraic number, ∀ǫ > 0 ∃c(z, ǫ) > 0 ∀x ∈ Q ∀y ∈ Q * : z − x y > c(z, ǫ)|y| −2+ǫ .
There are quite similar results for the Laurent series field in a single variable (cf. [L] ). It is also known that there are deep analogous results on the global function fields on certain special varieties in connection with Nevanlinna's theory (cf. [Ru] ). Rond [Ro2] obtained a Diophantine inequality for the field of quotients of the convergent or formal power series ring in multivariables in connection with the linear Artin approximation property (Spivakovsky, cf. [Ro1] ). He used the product inequality (Izumi's theorem [I1] ) for the order function ν on an analytic domain.
In this paper we assert that Rond's inequality holds for the field of quotients of an excellent Henselian local domain whose reduced order function is expressed as the minimum of a finite set of good valuations in Rees's sense. For the proof, we use Rees's inequality [Re3] for m-valuations, which is a strengthened form of the product inequality. An inequality related to the product one was once used to measure transcendence of elements of a local ring in [I2] . This time we apply its variant to elements algebraic over a local ring.
Let us give a precise description of our theorem. Let K be a (commutative) field. We call a mapping u : K −→ R (R := R ∪ {∞}) a valuation when it satisfies the following:
We put:
the residue field of u, K: the completion of K with respect to u, u: the continuous extension of u toK with respect to the discrete topology on R, V u : the valuation ring of the extensionû. Let (A, m) be a local domain and let K := Q(A) denote its field of quotients. We define the m-adic order ν m : A −→ R on A by ν m ( f ) := max{p : f ∈ m p }. This is not necessarily a valuation. It satisfies formulae
(
This limit always exists and satisfies formulae (1 ′ ), (2), (3 ′ ) and the homogeneity formula [Re1] 
Here A * := A \ {0} and the absolute values | | u : K −→ R, | |û :K −→ R are defined as
The essential point of the proof is Rond's idea in [Ro2] which reduces inequality on valuation to inequality on order (see §4, (v)).
In the contrary to the case of algebraic numbers, the exponent on the right of this inequality is not uniformly bounded. Rond ([Ro1] , 2.4) has given a sequence of elements z i ∈K of degree 2 over K with unbounded exponents.
Order and m-valuations
Let (A, m) be a local domain whose field of quotients Q(A) is K. Let k := A/m denote the residue field. A valuation u on K is called an m-valuation, if it satisfies the following:
The value group u(K * ) is isomorphic to Z (as an ordered group).
Let us recall key facts on valuations which is used in the proof. The first one is Rees's strong valuation theorem [Re2] . We state only the special case which we need later. 
The set {u 1 (x), . . . , u p (x)} is unique, if it is taken irredundant.
We call u 1 , . . . , u p the valuations associated with m. (This definition is slightly different from Rees's.) We call a local ring analytically irreducible when its completion is an integral domain. Another fact is Rees's inequality [Re3] , (E) which is a more general and stronger form of the product inequality [I1] : 
Combining these facts we see the following: 
Main theorem
Let (A, m) be a local domain with field of quotients K := Q(A) and let u : K −→ R (R := R ∪ {∞}) be an m-valuation. The valuation ring V u := {x ∈ K : u(x) ≥ 0} is a discrete valuation ring (DVR) with maximal ideal m u := {x ∈ K : u(x) > 0}, u coincides with the m u -adic order on V u and we have K = Q(A) = Q(V u ). It is well-known that V u is a principal ideal domain and it is integrally closed. The absolute value |x| u := exp(−u(x)) of x ∈ K defines a translation invariant distance on K endowing it a topology compatible with the field operations. Then we can define the completionK of K and extend u to a valuationû onK naturally. The completionB of some subset B ⊂ K can be identified with its closure. The completionV u can be identified with the valuation ring ofû also. With these notations we have the following: 
In view of the inequality in the last part of §2, we may replace |y| a u = exp(−u(y)) by exp(−ν m (y)) (with a modified a).
Remark 3.2.
A ring of germs of analytic functions on a reduced and irreducible complex analytic singularities satisfy all the conditions for Theorem. The condition ( * ) follows from the following facts. The order is expressed by the valuations defined by irreducible components of exceptional divisor of the point blowing-up followed by a Hironaka resolution (cf. [LT] ) and the function fields on theses components are projective and have transcendence degrees equal to dim A − 1, which proves the condition (c) in §2. According to Rees [Re3] , all the complete local integral domains also satisfy all the conditions for Theorem.
Just in the same way as Rond [Ro2] , 3.1 (see [Ro1] , 2.1 also), our Theorem 3.1 implies the following.
Corollary 3.3. Let (A, m) be an excellent Henselian integral domain which satisfies the condition ( * ) and let P(X, Y) ∈ A[X, Y] be a homogeneous polynomial. Then the Artin function of P(X, Y) is majorised by an affine function i.e.
∃α ∃β ∀x ∈ A ∀y ∈ A : ν m (P(x, y) 
This corollary reminds us of the theorem that an excellent Henselian local ring has the strong Artin approximation property (cf. [P] ).
Proof of Theorem

(i) Reduction to normal case.
We may assume that u(K * ) = u(K * ) = Z. This results in a change of the exponent a. Let A denote the normalization (the integral closure in K) of A. Since A is a Henselian integral domain,Ã is a local ring by [N] , 43.11, 43.20. Since A is excellent,
A is a G-ring and a Nagata (= pseudo-geometric) ring by [M] , 33.H. ThenÃ is a finite A-module. Hence dim A = dimÃ by a theorem of CohenSeidenberg (cf. [N] , 10.10) and rÃ ⊂ A for some r ∈ A * (existence of a universal denominator). Then a Diophantine inequality forÃ implies one for A with the same exponent a. Finiteness also implies thatÃ is excellent and Henselian by [N] , 43.16.
Letm denote the maximal ideal ofÃ. We claim that u is anm-valuation. If x ∈Ã, (ii) Reduction of the minimal equation.
Then we have pu(x)
be a minimal equation for z over A, that is, ϕ is a polynomial of the minimal degree in A [Z] with ϕ(z) = 0. Now take u ∈ A * and put
Then w ′ ∈K is a root of ϕ u (Z) if and only if w := w ′ /ua d is a root of ϕ(Z). If
The polynomial ϕ u (Z) ∈ A[Z] is minimal for z ′ . Thus, choosing u, we may assume that z ∈V u and ϕ(Z) :
from the first. 
Since A is Henselian, B is a local ring by (3) and [N] , (43.12). As a consequence of (ii),
Hence the maximal ideal of B is n := mB + ZB and its residue ring is the same as that of
and ν n : B −→ R as the n-adic order. The function µ is nothing but the restriction of the standard order on the formal power series ring A [[Z] ]. We claim that ν n (x) coincides with the µ-order of the unique representative of
We have only to show that inequality A , the substitutions do not lower the µ-order and we reach the left side. This contradicts the inequality we assumed.
The function ν n induces ν :
Of course ν inherits the noncancellation property from ν n :
In other words, there occurs no cancellation among summands of degree less than d. ≥ exp(−û(z)) at once. Hence we may assume that u(x − yz) − u(y) >û(z). If u(x) û(yz), we have a contradiction:û(z) <û(x − yz) − u(y) ≤û(yz) − u(y) =û(z). Hence we have only to consider the case u(x) =û(yz) = u(y) +û(z).
Since A[z] is analytically irreducible, applying the inequality (2.3) and the equality at the last part of (iii), we havê
It follows thatû
This implies the inequality of our theorem.
